
Example

{* size > 0 *} 

A := a;  

sort(size, OUT a);  

{* ∀i : 0 ≤ i < size : (∀j: i < j < size :a[i] ≤ a[j]) ∧ 

   ∀i : 0 ≤ i < size : (∃j: 0 ≤ j < size :A[i] = a[j] *}
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Given specification:

{* size > 0 *}   

A := a;  

sort(size, OUT a);  

{* a[size - 1] = MAX A[0..size) *} 

Program: (Q ⇒ Q’) : 
need to prove for all arrays a’ 

[A1]∀i : 0 ≤ i < size : (∀j: i < j < size :a’[i] ≤ a’[j]) 

[A2]∀i : 0 ≤ i < size : (∃j: 0 ≤ j < size : a[i] = a’[j] 

[G] a’[size - 1] = MAX a[0..size)  



Example

{* (∃k : k>i : a[k] ≠ a[i]) *} 

Iold := i;  

findOther(a, OUT i)  

{* i>Iold ∧ a[i] ≠ a[Iold] *}
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{* P0 : (∀i::(∃k:i<k:a[i]<a[k]))*}   

{* P1 ∗}

x:=a[2i+1]; i:=2i+1; 

{* P2 ∗}

findOther(a,i) 

{* P3 : a[i] ≠ x∗}

Given specification:

Program:

{* P2 ∗}

Iold := i; 

findOther(a,i) 

{*P3 : a[i] ≠ x∗}

Calculating P2:

{* (∃k : k>i : a[k] ≠ a[i]) ∧  

   (i>Iold ∧ a[i] ≠ a[Iold] => a[i] ≠ x) *}[i’/i][i/Iold] 

= 

{* (∃k : k>i : a[k] ≠ a[i]) ∧  

   (i’>Iold ∧ a[i’] ≠ a[Iold] => a[i’] ≠ x) *}[i/Iold] 

= 

{* (∃k : k>i : a[k] ≠ a[i]) ∧  

   (i’>i ∧ a[i’] ≠ a[i] => a[i’] ≠ x) *}

P

Q Q’



Example

{* (∃k : k>i : a[k] ≠ a[i]) *} 

Iold := i;  

findOther(a, OUT i)  

{* i>Iold ∧ a[i] ≠ a[Iold] *}
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{*P0 : (∀i::(∃k:i<k:a[i]<a[k]))*}   

{* P1 ∗}

x:=a[2i+1]; i:=2i+1; 

{* P2 ∗}

findOther(a,i) 

{* P3 : a[i] ≠ x∗}

Given specification:

Program:

Calculating P1:

{* (∃k : k>i : a[k] ≠ a[i]) ∧  

   (i’>i ∧ a[i’] ≠ a[i] => a[i’] ≠ x) *}

i:=2i+1;

{* (∃k : k>i : a[k] ≠ a[i]) ∧ (i’>i ∧ a[i’] ≠ a[i] => a[i’] ≠ x) *}

{* (∃k : k>2i+1 : a[k] ≠ a[2i+1]) ∧  

          (i’>2*i +1 ∧ a[i’] ≠ a[2*i +1] => a[i’] ≠ x) *}

x:=a[2i+1];

{* (∃k : k>2i+1 : a[k] ≠ a[2i+1]) ∧  

          (i’>2*i +1 ∧ a[i’] ≠ a[2*i +1] => a[i’] ≠ a[2i + 1]) *}
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{* (∃k : k>2i+1 : a[k] ≠ a[2i+1]) ∧  

          (i’>2*i +1 ∧ a[i’] ≠ a[2i +1] => a[i’] ≠ a[2i + 1]) *}

{*(∀i::(∃k:i<k:a[i]<a[k]))*}   

[A1] (∀i::(∃k:i<k:a[i]<a[k])) 

[G1] (∃k : k>2i+1 : a[k] ≠ a[2i+1])  

PROOF 

1. {forall-elim} (∃k:2i+1<k:a[2i+1] < a[k])) 

2. {1.} (∃k:2i+1<k:a[2i+1] ≠ a[k])) 

[A1] (∀i::(∃k:i<k:a[i]<a[k])) 

[A2] i’>2*i +1  

[A3] a[i’] ≠ a[2*i +1] 

[G2] a[i’] ≠ a[2i + 1] 

PROOF 

1. {A3} 

implies



Revision

■ Termination metrics with conditionals 
■ how to find them 
■ how to prove them correct
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Finding a termination metric

{∗ 0 < x < y ∗} 
while x < y do { 
   if y−x=1 
     then y:=y+1  
     else y:=y−2 
} 
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x    y     (y-x)        
10   18     8 
     16     6 
     14     4 
     12     2 
     10     0

x    y     (y-x)     2(x-y) 
10   15     5          
     13     3          
     11     1           
     12     2            
     10     0          

m = (y-x=1) → 5 | 2(y-x)

2(y-x)

X    5



Finding a termination metric

{∗ 0 < x < y ∗} 
while x < y do { 
   if y−x=1 
     then y:=y+1  
     else y:=y−2 
} 
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m = (y-x=1) → 5 | 2(y-x)

Prove that 
{* I ∧ g *}    C:=m; S   {* m < C *}  

 wp (if…)  (m < C) 
= (y−x=1  ⇒ ((y+1-x=1) → 5|2(y+1-x)  <  (y-x=1) → 5|2(y-x)) ∧ 
  (y−x≠1  ⇒ ((y-2—x=1) → 5|2(y-2-x)  <  (y-x=1) → 5|2(y-x))) 
=  (                                            2 * 2                    <  5) ∧ 
    (y−x≠1  ⇒  (y—x=3) → 5 | 2(y-2-x)  < 2(y-x)) 
= (y−x≠1  ⇒ (y—x=3) → 5 < 2(y-x) | 2(y-2-x)  < 2(y-x) 
= (y−x≠1  ⇒ (y—x=3) → 5 < 6 | -4  < 0 
= true



Finding a termination metric

{∗ 0 < x < y ∗} 
while x < y do { 
   if y−x=1 
     then y:=y+1  
     else y:=y−2 
} 
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m =(odd (y-x) → 2y | y)

Prove that 
{* I ∧ g *}    C:=m; S   {* m < C *}  

 wp (if…)  (m < C) 
= (y−x=1  ⇒  (odd (y+1-x) →2(y+1) | y+1)< (odd (y-x) → 2y | y)) ∧ 
   (y−x≠1  ⇒   (odd (y-2—x) →2(y-2) | y-2)< (odd (y-x) → 2y | y))  
= y+1 < 2y  ∧ 
   2(y-2) < 2y   
 ∧ 
 (y-2) < y ,     

we need y > 1 as invariant!



Exam

■ (Almost) most importantly: don’t forget to bring a print out of 
the LN appendix! 

■ What to expect in the exam
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Exam

■ Part 1:   
■ multiple choice questions 
■ 40% of the overall marks 
■ what do we test there?
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■ Do you understanding predicate logic proofs and know how to 
apply the proof rules?
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■ Do you understand the meaning of Hoare-triples, weakest preconditions, partial and total 
correctness?
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■ Do you know how to calculate weakest preconditions?
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■ Do you understand loop invariants and termination metrics?
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■ Do you understand how to verify imperative programs against 
a functional specification? 



Exam
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■ Part 2:   
■ 60% of the overall marks 
■ three subquestions 
■ what do we test there? 
■ can you prove program properties for functional programs and/or 

imperative programs 
■ for functional programs: equational reasoning, induction 
■ for imperative programs:  
■ can you find invariants for partial and total correctness, metrics for 

termination 
■ can you prove correctness with given invariant 
■ can you apply rules like black box,  

■ findOther and conditional termination metric were from Part II of exams



Example
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