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Rendering

Topics covered so far:
Lecture 1:
;{ = Field study
o
3)
O Lecture 2:
5t Tr = 1
) R = (0 = Rasters
Rl = Vectors —
1+ refe)) 88 (c = Color representation
), N );
efl * E * diffuse
= true;
Lecture 3:
szl = 2D primitives
survive = SurvivalProbabil . -
S S datng = 3D primitives
-adiance = letight( &rand
%+ rudio:::y . el = Textures
:t-b:;:(;ff » EvaluateDiffuse! L —

3t3 factor = diffuse * INVPI:

3t weight = Mis2( directPdf, bedipd!
3t cosThetaOut = dot( N, L );

E * ((weight * cosThetaOut) / directs

sndom walk - done properly,
sive)

]
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srvive;

pdf;

v =E * brdf * (dot( N, R ) / pdf);
3an = true-*
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Renderlng Animation, culling,
tessellation,
Rendering - Functional overview meshes
1. Transform: Transform
: translating / rotating / scaling meshes 1
vertices
o 2. Project: .
e -1 : - Project
CERC calculating 2D screen positions I
= * diffuse
iy ) vertices
»f]l + refr)) &3 (4 3- Rasterlze: +
’ﬂ’ : aittuse determining affected pixels Rasterize
|
m:m) e 4. Shade: fragment positions
g e calculate color per affected pixel £
-adiance = Samplelight( &ra
:.x + radiance.y + radiance Shade
pixels
S\ 722
Postprocessing 5 - 2
1= wy
v ~
7 N

A
~

Y
7_ L ° -y)’
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Rendering

Rendering - Data overview

it a
3t Tr = 1
'r) R = (D

* diffuse
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), N );
efl * E * diffuse
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VAXDEPTH)
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.X + radiance.y + radiance
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st brdfPdf = EvaluateDiffus)

@ =)

st weight = Mis2( directPdf, berd!

3t cosThetaOut = dot( N, L );

E * ((weight * cosThetaOut) / di turret @ dUde y

sndom walk - done prope .46 07\.\\

sive) & ’\
-3 <

' > b =

3t3 brdf =« SampleDiffuse( diffuse, N, 2 9

srvive; > J

¥ Y

pdf; 2 \
v =E * brdf * (dot( N, R ) / pdf); L4« 3
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Rendering

Rendering - Data overview

Objects are organized in a hierarchy: the

scenegraph.
- In this hierarchy, objects have translations and LR R ol s P
st Tr = 1 . . . . ‘mif"‘.., (g N o
) 8 = (0 orientations relative to their parent node. - N T 7 g
e 1 S
e Relative translations and orientations are ~— —
el e+ disuse specified using matrices.
WAXDEPTH)

Mesh vertices are defined in a coordinate
survive = SurvivalProbabl
e system known as object space.

"adiance = SamplelLight( &r
2.x + radiance.y + radiance

v = true;

3t brdfPdf » EvaluateDiffuse

3t3 factor = diffuse * INVPI:

st weight = Mis2( directPdf, berd!
3t cosThetaOut = dot( N, L );

E * ((weight * cosThetalut)

sndom walk - done prope
sive)

3t3 brdf = SampleDiffuse( diffuse, N
srvive;

pdf;

' = E * brdf * (dot( N, R ) / pdf);
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Rendering
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-adiance = SampleLight

s.X + radiance.y + radiance
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srvive;
pdf;
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Rendering — Data overview

Transform takes our meshes from

object space (3D) to camera space
(3D).

Project takes the vertex data from

camera space (3D) to screen space
(2D).

Transform

vertices, transforms >

camera transform

|
vertices

+

Project

vertices

> 2

connectivity data ——»

Rasterize

fragmentﬁositions

textures, shaders, lights —

Shade

pixels

screen buffers «—

/ \g o.g';“?; b?

B

<Y‘;.1'<R }7
~LsIpY

\) \
N 7—1,'.1)'»/
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Rendering

Rendering - Data overview

The screen is represented by (at least) two buffers:

SCREEN FRAME BUFFER Z-BUFFER

it & = nt
3t Tr = 1
'r) R = (D

= * diffuse
= true;

;fl + refr)) &8 (d
), N - I

efl * E * diffuse Z-vValues
= true;

VAXDEPTH)

NSNS NNENENN

survive = SurvivalProbabl
estimation - doing

if;

-adiance = Samplelight( &rand
2.X + radiance.y + radiance

N
N
N
N
N
N
N
N
N
N
N
N
N
8
N

color N depth
f:;*’;fffﬁt gl information
3t weight = Mis2( directPdf, brdfp

3t cosThetaOut = dot( N, L );
E * ((weight * cosThetaOut) / direct

sndom walk - done properly,
sive)

:

3t3 brdf =« SampleDiffuse( diffuse, N, 1
srvive;

pdf;

v =E * brdf * (dot( N, R ) / pdf);

3an = true-*
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Rendering

Rendering - Components

Scenegraph
Culling Lecture 7

it

52t

. Vertex transform pipeline

e Th s Matrices to convert from one space to another Lecture 5
'r) R = (D )

e Perspective Lecture 6
= true;

T Rasterization

E Interpolation
= true; Cllpplng LECtUI‘E' 7
o) Depth sorting: z-buffer Lecture 7

survive = SurvivalProbabil it
estimation - doing it

f:t;ﬂmce = Samplelight( &rand Shadlng

».x + radiance.y + radiance.: . . . .

s Light / material interaction P2
i i Shadows / reflections / etc. 25

st weight = Mis2( directPdf, bedfipd!

3t cosThetaOut = dot( N, L );
E * ((weight * cosThetaOut) / directdd

sndoe walk - done properly,
sive)

]

yt3 brdf = SampleDiffuse( diffuse, N, 1
srvive;

pdf;

v = E * brdf * (dot( N, R ) / pdf);
-3on = true:*
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Matrices

Bases in RZand R’

Recall: 5 5 5 ! 5
= Two linearly independent vectors form a base. [ ! !
L : 17 | :
. = We can reach any point in using: | | |
- e a=Au-+A,v z |
e = Ifu and ¥ are perpendicular unit vectors, the base is /
Lty orthonormal. i i i
= The Cartesian coordinate system is an example of | | |
waoEs ) this, with ¥ = (1,0) and ¥ = (0,1). i P
survive = SurvivalProbabi ! i ! ! !
!:Z:mm:'s leLight( 4ra : . = = « . I | | | |
x + radiance.y + radiance By manipulating u and v, we can create a ‘coordinate \
LR it system’ within a coordinate system. 7
::3\0:;;::r-.nzgru;§rcciz;? brdf
3t cosThetaOut = dot( N, L );
E * ((weight * cosThetalut) o TN
sndom walk - done prope /‘éog yo?\
sive) ,;; .,\
-3 <
it} brdf = SampleDiffuse( diffuse, N ’;\ ‘ :
srvive; \"/ Y
\p‘:fé * brdf * (dot( N, R ) / pdf); 4 l,o,af»\'y

3an = true-*



INFOGR - Lecture 5 - “3D Engine Fundamentals”

Matrices

Bases in RZand R?

> <)

This extends naturally to R%: . -

Three vectors, i, ¥ and w allow us to reach any point in
e 3D space;
e a=AU+AUV+A W
afl + refr)) &

AL L Again, manipulating %, ¥ and w changes where
coordinates specified as (A; A, A;) end up. 5

survive = SurvivalProbs . Pad “

= . ’
estimatior 2 L7
if; P L
2 = . .

~adiance = SampleLight v " L7
*.X + radiance.y + radiance

v = true;

3t brdfPdf » EvaluateDiffuse

3t3 factor = diffuse * INVPI

st weight = Mis2( directPdf, bed
3t cosThetaOut = dot( N, L );

E * ((weight * cosThetalut

sndom walk
rive)

yt3 brdf « SampleDiffuse( diffuse, N
srvive;

pdf; \2

\ = £ * brdf * (dot( N, R ) / pdf); Upldmy

3an = true-*
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Matrices
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efl * E * diffuse
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WAXDEPTH)
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3t brdfPdf » EvaluateDiffuse
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rive)
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Matrices

A vector is an ordered set of d scalar values (i.e., a d-tuple):

Yq
v=|v,] or (v,v,v;)or..
Ls

A m X n matrix is an array of m - n scalar values, sorted in m rows and n
columns:

Az(an a12)
L))

The elements a;; are referred to as the coefficients of the matrix (or
elements, entries). Note that here i is the row; j is the column.

,«g“.*y,
SO\ |77

/q’gT‘R.‘q

~LISAN
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Matrices

Terminology - special matrices

" A diagonal matrixis a matrix for which all elements a; are zero if i # j.
* An /dentity matrixis a diagonal matrix where each elementa; = 1.
» The zero matrix contains only zeroes.

3t a

e 15 0 0 /1[0 || oy 0 0 0
S L 0 0 3.14 \0 10 1/ 0O 0 O
o Before we continue, what is a matrix?

"adiance = Samplelight
*.X + radiance.y + radiance

= true; = Justa group of numbers;
it brdfPdf « Evaluatc?iilfri;-j . . .
¢ weight = Als2( directpd, bed = [n graphics: often a representation of a coordinate system.

3t cosThetaOut = dot( N, L );
E * ((weight * cosThetalut

sndom walk
rive)

yt3 brdf « SampleDiffuse( diffuse, N
srvive;

pdf;

v =E * brdf * (dot( N, R ) / pdf);
3an = true-*
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Matrices

it a
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'r) R

* diffuse
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+fl + refr)) &
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efl * E * diffuse
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rive)
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srvive;
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v =E * brdf * (dot( N, R ) / pdf);

3an = true-*

Matrices - operations

Matrix addition is defined as:

A = B + C, with: ¢; = a;; + b;;

Note that addition is only defined for matrices with the same dimensions.

Example:

o *G =G 3

Subtraction works the same.

4’g—;—§'-
A\ [/ 7

‘\YE;T<R.4

peif]

o3

~LUSIAY
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Matrices

Matrices - operations
Multiplying a matrix with a scalar is defined as follows:

A = AB, with: a, = Ab,,

it a
3t Tr = 1

) R = (0 Example:

= * diffuse
= true;

B co-co

efl * E * diffuse
= true;

WAXDEPTH)

survive = SurvivalProbabl
estimation

if;

-adiance = Samplelight( &r
2.x + radiance.y + radiance

v = true;

3t brdfPdf » EvaluateDiffuse

3t3 factor = diffuse * INVPI:

st weight = Mis2( directPdf, berd!
3t cosThetaOut = dot( N, L );

E * ((weight * cosThetalut)

sndom walk - done prope
sive)

3t3 brdf = SampleDiffuse( diffuse, N
srvive;

pdf;

' = E * brdf * (dot( N, R ) / pdf);
3an = true-*
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Matrices
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Matrices - operations

Multiplying a matrix (dimensions m, X n,) with another

matrix (dimensions my X ng):

n

k=1
Example:
(2 6 1) ; g B (’17 44)
\5 2 4/ o 21/ |54

Note the dimensions of the resulting
matrix: m, X ng.

Matrix multiplication is only defined
ifn, = mg.

,«g".‘g,
&\ /%

2
2 k=1
621=Za2kbk1=5*1+2*2+4*3=21
k=1 2
C12:Zalkbk2:2*4+6*5+1*6:44
2 k=1
622=Za2kbk2=5*4+2*5+4*6=54
k=1
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Matrices
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*.X + radiance.y + radiance

v = true;

it brdfPdf = EvaluateDiffuse

yt3 factor = diffuse * INVPI
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Matrices - operations

Doing matrix multiplication manually:

/1 4
(215
\3| 6

Note that each cell in the resulting matrix
is essentially the dot product of a row
and a column.

Some properties:

Matrix multiplication is distributive over
addition:

A(B + C) = AB + AC
(A+ B)C = AC + BC

...and associative:
(AB)C = A(BC)

However, matrix multiplication is not
commutative, i.e., in general:

AB + BA
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Matrices
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Matrices - operations

Doing matrix multiplication manually:

(2 6 1\ \Z ?)

Multiplying by the zero matrix yields the

Zero matrix:

0A=A0=0

Multiplying by the identity matrix yields

the original matrix:

IA=AI=A

<G+ I3;
372N

/l<f‘;.r<k }7

~LsIpY
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Matrices

Matrices - operations

The transpose AT of an m X n matrix is an n X m matrix that is obtained
by interchanging rows and columns: a;; becomes a;; for all i, :

. A11 Q12 Qg3 @11 A1 Az
't Tr — T —

S A=1lay ay; ay At =la;; ay as
* diffuse a31 a32 a33 a13 a23 a33

= true;

»f]l + refr)) &

), N );

= The transpose of the product of two matrices is:

WAXDEPTH)

survive = SurvivalProbs (AB)T — BTAT

estimation

if;
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*.X + radiance.y + radiance
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it brdfPdf = EvaluateDiffuse
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st weight = Mis2( directPdf, brdf
3t cosThetaOut = dot( N, L );

E * ((weight * cosThetalut) S
sndom walk - done prog /\go o?\‘
sive) [® )\

yt3 brdf « SampleDiffuse( diffuse, N
srvive; \
pdf; 24

y = E * brdf * (dot( N, R ) / pdf); Ll 13
3an = true-*
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Matrices

), N
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2.x + radiance.y + radiance
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Matrices - operations

Note: only square matrix possibly have an inverse.

The inverse of a matrix A is a matrix A1 such that

AA 1= A14=1



INFOGR - Lecture 5 - “3D Engine Fundamentals”

Matrices
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Matrices - operations

We can multiply a d-dimensional vector by an m X d matrix:

Qg A1gN\ V1 ‘AUt A1q Vg
( : : : N — 5 TR
a1 A Uy’ a1V, a0 AmdaVa

Example: multiply a 3D vector by a 3x3 matrix:

Ay Qg A4q3 X

Ay; Ay Axz | \Y ) =
as3; dzp; dgz3 Z

a1 X +apy + a3z
Ay X + AyY + Ay3Z
A31X + A3,y + A33Z

Note:

This is the same as matrix

concatenation, the vector is

simply anm X 1 matrix.

<G+ I3;
372N

'<r‘;.r<k }7

\'7.1

lo13)
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Matrices
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Matrices - operations

We can multiply a d-dimensional vector by an m X d matrix:

Qg A1gN\ V1 ‘AUt A1q Vg
( : : : N — 5 TR
a1 A Uy’ a1V, a0 AmdaVa

Example: multiply a 3D vector by a 3x3 matrix:

Uz (Vz Wz/ Nz

Uy X + VY + W, Z

u,x +v,y +w,z

UyX + Vyy + WyZ | = xti + YU + zW

Note:

This is the same as matrix
concatenation, the vector is
simply anm X 1 matrix.

<G+ I3;
372N

'<r‘;.r<k }7

\'7.1

lo13)

~LsIpY
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Matrices - determinant
The determinant |A| of an n X n matrix A4 is the signed 5 5 =
area or volume spanned by its column vectors.
3 _ apiay) |  _—1T |
. Example (in R?): (812{02)) o0 ERRE
- diffuse Ay Aq)) a,; a z L
fl + refr)) \aZ]‘ azz) a21 a22 i i i E i
), N ) . . ) . . i ! |
S In this case, the determinant is the oriented area of the / | | (a;1)/a,)
- parallelogram defined by the two column vectors. : i .
survive T-‘Survivalpr oba : : i E i
e seplaie The determinant is positive if the vectors are counter- | ‘

>.x + radiance.y + radiance . . ) .
e clockwise, or negative if they are clockwise. Therefore:
et it s e

st weight = Mis2( directPdf, brdf

3t cosThetaOut = dot( N, L ); —_— —_—
E * ((weight * cosThetaOut) / direc: det'al a2| = —det |a2 a1| .

o\ T
sndom walk - done prog \ﬁ ?‘
rive) ,;; .,\

-3 <
: A - r ‘ Y
3t3 brdf = SampleDiffuse( diffuse, N " =
srvive; > N,
pdf; 497 y Y
y = E * brdf * (dot( N, R ) / pdf); IR A

3an = true-*
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Matrices

Matrices - determinant

The determinant |4| of an n X n matrix 4 is the
signed volume spanned by its column vectors.

e In R? the determinant is the oriented area of the

) & - (i parallelepiped defined by the three column

* diffuse

vectors.

»f]l + refr)) &

), N ) all a12 a’13

efl * £ * diffuse

= true; detA = |A| = a21 azz a23
VAXDEPTH) a’31 a32 a’33

survive = SurvivalProbs
estimatior

if;

"adiance = SamplelLight

*.X + radiance.y + radiance

v = true;

it brdfPdf = EvaluateDiffuse

3t3 factor = diffuse * INVPI

st weight = Mis2( directPdf, brdf
3t cosThetaOut = dot( N, L );

E * ((weight * cosThetalut)

sndom walk done prog
rive)

yt3 brdf « SampleDiffuse( diffuse, N
srvive;

pdf;

' =E * brdf * (dot( N, R ) / pdf);
3an = true-*
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Matrices
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survive = SurvivalProl
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"adiance = Samplelight
2.x + radiance.y + radian
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3t cosThetaOut = dot( N, L );
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srvive;
pdf;

H
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Matrices - determinant
Calculating determinants: Laplace’s expansion.

The determinant of a matrix is the sum of the products
of the elements of any row or column of the matrix
with their cofactors.

The cofactor of an entry a;; in an n X n matrix 4 is:

* The determinant of the (n — 1) X (n — 1) matrix 4’,

* thatis obtained from 4 by removing the i-th row
and j-th column,

* multiplied by -11*J.

Example:
/11
A= \am
asq
a
c _ |92z
ajq1 = a
32
a
c |_ |921
Aip = a
31
a
c _ |421
a3 = a
31

13\

)3
a33)
«(-19)
(1)

* (-1

— (o C C
Al = ;011 + 4y, a3,+a,3073
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Matrices

Matrices - determinant

Full example for 3 X 3 matrix: Generic approach for a for 3 X 3 matrix:
0 1 2 b ¢
| S — o[t 5|—1|3 5|+2|3 PR 1L fl_..
) 7 8 6 8 6 h ]
2 6 7 g h i
= tru 23 E;
6 8|=3*8*—12+5*6*—13=—6 = (aei + bfg + cdh) — (ceg + afh + bdi)
i 3 4| _ 12 e - - a b ¢ a b c
. o o|=3%7x -1+ 4x64-13=-3 NN
G g h i g h i

T Rt 0-1x—6+2%—-3=0.

v = true;

3t brdfPdf » EvaluateDiffuse a b
yt3 factor = diffuse * INVPI . -
€ Wedght = RLS2( directedf, brd Rule of Sarrus for 2 X 2: | | = ad — bc
3t cosThetaOut = dot( N, L ); C d
E * ((weight * cosThetalut <y
sndom walk done prog éo o?\v
sive) ';r. 2
t3 bry df SampleDiffuse( diffuse, N [
wawawawa 7

f; 2 Y

=€ * brdf * (dot( N, R ) / pdf); IR S
'ion = true-*
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Matrices

Matrices - adjoint The cofactor of an entry a;; inann X n
matrix 4 is:

The adjoint (or adjugate) A of matrix A is the transpose of the

cofactor matrix of A. = The determinant of the

(n—1) X (n — 1) matrix 4’,
= thatis obtained from A by removing

), N

€ T = 1 Example: the i-th row and j-th column,
e = multiplied by -1+,

3% (—12) 1% (—13 .
S (i g) = b= (5 x E—13§ 2 2—14§> - (—35 21)

xfl + refr)) &3 (d

:m, adj(A) = CT = ( _31 —25)

survive = SurvivalProbabl
estimation - d 2

if;

-adiance = Samplelight( &rand
2.X + radiance.y + radiance

v = true;

3t brdfPdf = EvaluateDiffuse! L

3t3 factor = diffuse * INVPI:

3t weight = Mis2( directPdf, brdfp

3t cosThetaOut = dot( N, L );

E * ((weight * cosThetaOut) / direct

<SSV 72
sndom walk - done properly, y, \

sive) */?

] I q

yt3 brdf = SampleDiffuse( diffuse, N, ri !;\

srvive; \7

pdf; 43 N
y = E * brdf * (dot( N, R ) / pdf); 2glmy

3an = true-*
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Matrices

Matrices - inverse

The adjoint is used to calculate the inverse A of a matrix A:

§ A1 = i
€1n= nt |A|

3t Tr = 1
'r) R = (D

= * diffuse
= true;

xfl + refr)) &3 (d

), N
efl * E * diffuse
= true;

VAXDEPTH)

survive = SurvivalProbabl
estimation - doing

if;

-adiance = Samplelight( &rand
2.X + radiance.y + radiance

v = true;

3t brdfPdf = EvaluateDiffuse! L

3t3 factor = diffuse * INVPI:

3t weight = Mis2( directPdf, brdfF

3t cosThetaOut = dot( N, L );

E * ((weight * cosThetaOut) / direct

sndom walk - done properly,
sive)

:

3t3 brdf =« SampleDiffuse( diffuse, N, 1
srvive;

pdf;

v =E * brdf * (dot( N, R ) / pdf);

3an = true-*
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Matrices

it a
3t Tr
'r) R

* diffuse
= true;

»fl + refr)) &

), N )
efl * E * diffuse
= true;

WAXDEPTH)

jurvive = SurvivalProbs
estimatic

if;

"adiance = SamplelLight

*.X + radiance.y + radiance

v = true;

3t brdfPdf » EvaluateDiffuse

yt3 factor = diffuse * INVPI

st weight = Mis2( directPdf, bed
3t cosThetaOut = dot( N, L );

E * ((weight * cosThetalut

sndos walk
rive)

yt3 brdf « SampleDiffuse( diffuse, N

srvive;
pdf;

' =E * brdf * (dot( N, R ) / pdf);

3an = true-*

Matrices - overview

(A11 | A1y | Qg3 1 0 O
A= ‘ Ay Ay a23/ =10 1 0 n X m: n rows, m columns
\d3; | Q3; | Q33 0 0 1

det(4) = |A| =1 = (aei + bfg + cdh) — (ceg + afh + bdi)

Q@ Qa9
> 0T
=~ Th O
Q@ a9
s QO
~ 4 O

-1 0
0 1

note: | | = —1, and: det|a_1> a_2>| = —det |a_2) a_1)|

=9 =

Adjoint A of Ais CT; inverse A™! is ﬁ.

a,s

*(-1)

a
cofactor a§, = | e
a3, Q33



Q2.
\7N
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Transforms

it a
3t Tr
'r) R

* diffuse
= true;

»fl + refr)) &

), N )
efl * E * diffuse
= true;

WAXDEPTH)

jurvive = SurvivalProbs
estimatic

if;

"adiance = SamplelLight

*.X + radiance.y + radiance

v = true;

3t brdfPdf » EvaluateDiffuse

yt3 factor = diffuse * INVPI

st weight = Mis2( directPdf, bed
3t cosThetaOut = dot( N, L );

E * ((weight * cosThetalut

sndom walk
rive)

yt3 brdf « SampleDiffuse( diffuse, N

srvive;
pdf;

' =E * brdf * (dot( N, R ) / pdf);

3an = true-*

Spaces - introduction

As we have seen before, we can multiply a matrix with a vector.

02 (o o) 0)= (e rard) (o) e (@)

Ay G/ \Y Ay X + ApY
A1 Qe Qq3\ /X a1 X +apy + a3z aq1 ap; aq3
In3D: | a,; Ay, ax||ly]=|a;x+ay+a;z =x|Ay | +ylay|+z|ay
a3; A3z A3z’ M2 A31X + A3y + A33Z a31 a3 a33
f (%29 Geometric interpretation:
/ | Moo
! ! oo A a
il | scalar multiplication of (all) by x, plus
| \ 21
. . a .
L//f scalar multiplication of ( 12) by y yields
a2
\\\ L (a1 1) transformed point.
az1
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Transforms

Spaces - introduction

A matrix allows us to transform a coordinate system.

)

it 4 = nt
5t Tr = 1 R
'r) R = (D * nnt

= * diffuse;
= true;

*fl + refr)) &8 (dept

), N )

efl * € * diffuse;
= true;

~h

JAXDEPTH)

survive = SurvivalProbabilit
estimation - doing it

if;

~adiance = Samplelight( &rand
2.x + radiance.y + radiance.:)

v = true;
st brdfPdf » EvaluateDiffuse! L,

3t3 factor = diffuse * INVPI: rOtatlon

st weight = Mis2( directPdf, brdird!
't cosThetaOut = dot( N, L ); +
E * ((weight * cosThetaOut) / directid:

sndom walk - done properly, clos Scale

rive)

]

3t3 brdf = SampleDiffuse( diffuse, N, r1,
srvive;

pdf;

Y= E * brdf * (dot( N, R ) / pdf);

:3on = true:
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Transforms

Spaces - scaling

To scale by a factor 2 with respect to
the origin, we apply the matrix

), N

= (e
E G 26)=(0r12)=() @

e imce's splactpie(/des This is called uniform scaling.

2.x + radiance.y + radiance

or B2:0) i i i
h - o 0 2 | S

' Applied to a vector, we get: EAZL);SZY) =
fl + refr)) &8 (d [ I 1 ' 1

b%:?
-mgH
L3

v = true;

3t brdfPdf » EvaluateDiffuse

3t3 factor = diffuse * INVPI:

st weight = Mis2( directPdf, berd!
3t cosThetaOut = dot( N, L );

E * ((weight * cosThetalut)

sndom walk - done prope

sive) £

- B

d s 2 .—
3t3 brdf = SampleDiffuse( diffuse, N 5
srvive; .\7
pdf; G
' = E * brdf * (dot( N, R ) / pdf);

3an = true-*
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Transforms

Spaces - projection

If we set one of the g; to 0, we get an
orthographic projection.

), N

3, ((1) 8)

= * diffuse
= true;

ofl + refr)) &8 ‘

This is useful for projecting a shadow
iy o of the dragon on the x-axis, or to draw v
Tenes a 3D object on a 2D screen.

VAXDEPTH)

survive = SurvivalProbabl
estimation - doing

A 4
if;
-adiance = Samplelight( &rand
2.X + radiance.y + radiance

v = true;

3t brdfPdf = EvaluateDiffuse! L

3t3 factor = diffuse * INVPI:

st weight = Mis2( directPdf, berd!

3t cosThetaOut = dot( N, L );

E * ((weight * cosThetaOut) / direct

’; 3
sndom walk - done properly 46 o}\

sive) s A
] -3 ‘ <
]

3t3 brdf « SampleDiffuse( diffuse, N, 1 b‘—n v
srvive; \7 ;r,
pdf; 2 Yy

v = E * brdf * (dot( N, R ) / pdf); 2glmy

3an = true-*
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Transforms

Spaces - reflection

We can construct a matrix that will
swap x and y coordinates to get a

reflection in the line y = x:
3)

it a

3t Tr = 1

© HEO=()-0)

e e

Y

xfl + refr)) &3 (d

efl * E * diffuse
= true;

VAXDEPTH)

survive = SurvivalProbabi
estimation - doing

| B |
4444444?““““ —— N\ ————— g ————— ]

T
|
|
|
|
|
1
), N T
I
|
|
|
1
|
1
1
1
1

if;
-adiance = Samplelight( &rand
2.X + radiance.y + radiance

v = true;

3t brdfPdf = EvaluateDiffuse! L

3t3 factor = diffuse * INVPI:

3t weight = Mis2( directPdf, brdfp

3t cosThetaOut = dot( N, L );

E * ((weight * cosThetaOut) / direct

i £
rive) &
_ 23
:

1t3 brdf = SampleDiffuse( diffuse, N, ri |5
srvive; \7

pdf; 2
v = E * brdf * (dot( N, R ) / pdf);
3an = true-*

sndom walk - done properly, /66%
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Transforms

Spaces - shearing

Pushing things sideways:

B DO=("5)=()

3t a = nt

3t Tr = 1
'r) R = (D

O e

e e

5 pe—————

el This is called shearing.

fl + refr)) &3 (¢

L

), N
efl * E * diffuse
= true;

L——————« s=====dtm=====dlem———dlo e

VAXDEPTH)

survive = SurvivalProbabl
estimation - doing

if;
-adiance = Samplelight( &rand
».x + radiance.y + radiance.:

v = true;

3t brdfPdf = EvaluateDiffuse! L

3t3 factor = diffuse * INVPI:

3t weight = Mis2( directPdf, brdfp

3t cosThetaOut = dot( N, L );

E * ((weight * cosThetaOut) / direct

sndom walk - done properly,
sive)

]

yt3 brdf = SampleDiffuse( diffuse, N, 1
srvive;

pdf;

v =E * brdf * (dot( N, R ) / pdf);

3an = true-*
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Transforms

Spaces - rotation

To rotate counter-clockwise about the R
origin, we use the following matrix:

. (cos(b —Sin(b) i
e sin@® cosQ 5

S

A

= * diffuse
= true;

For clockwise rotation, we use

»f]l + refr)) &3 (4

EN

), N

e ( cos @ Sin(Z))

—sin® cos®

VAXDEPTH)

survive = SurvivalProbabl
estimation z

if;

~adiance = SampleLight( &4ra
2.X + radiance.y + radiance

____________________________

v = true;

3t brdfPdf = EvaluateDiffuse! L
3t3 factor = diffuse * INVPI:

st weight = Mis2( directPdf, berd!
3t cosThetaOut = dot( N, L );

E * ((weight * cosThetalut)

655

sndom walk - done properl ré o>\
rive) < A

-3 <
' ; : v N w
3t3 brdf = SampleDiffuse( diffuse, N - <
srvive; 7
pdf; 2
Y = E * brdf * (dot( N, R ) / pdf); Uyl

3an = true-*
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Transforms T o) =
L e

(xy)/

Spaces - linear transformations 1(2;1)5 I .

A function T: R® - R™ is called a linear transformation,
if it satisfies:

B

), N

. 1. TE+D)=T®@) +T®) | |
RERK for all 4, v € R™ L :
e 2. T(cv) =cT(v)
R rereyy a8 for all ¥ € R™ and all scalars c. |
el iffuse i
S Linear transformations can be represented by matrices.

VAXDEPTH)

survive = SurvivalProbabi

- We can summarize both conditions into one equation:

-adiance = SamplelLight( 4r
2.x + radiance.y + radiance

:t-b:;::;f = EvaluateDiffuse 7-'(C17.Tl,> + Czﬁ) — ClT(ﬁ) + CZT(T_]))
3t3 factor = diffuse * INVPI N
1 Conthetaut = dot( Wy L 35 for all ¥, v € R™ and all scalars c,, c,.

E * ((weight * cosThetalut)

sndom walk - done prope
sive)

3t3 brdf = SampleDiffuse( diffuse, N
srvive;

pdf;

v =E * brdf * (dot( N, R ) / pdf);
3an = true-*
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Transforms T o) =
| | L (42)

(xy)/

Spaces - linear transformations :(2,1)5 gl |

i
g
=
X

T(cu + c,v) = ¢;,T(W) + ¢,T(V)
for all 4, v € R and all scalars c,, c,.

B

), N

S ]

. Remember Cartesian coordinates, where each vector w
o) 8- can be expressed as a linear combination of base vectors S s
i U and v:

»f]l + refr)) &3 (4

e = (;) W ((1)) i (2)

WAXDEPTH)

2 et If we apply a linear transform T to this vector, we get
f:;iance = SampleLight( &r
.x + radiance.y + radiance

G =Tlx(p) v () = (D + ()

3t cosThetaOut = dot( N, L );
E * ((weight * cosThetalut)

R e

R

sndos walk - done prope
rive)

3t3 brdf = SampleDiffuse( diffuse, N
srvive;

pdf;

' = E * brdf * (dot( N, R ) / pdf);
3an = true-*




INFOGR - Lecture 5 - “3D Engine Fundamentals”

Transforms

Spaces - linear transformations

T(cu + c,v) = ¢;,T(W) + ¢,T(V)
for all 4, v € R and all scalars c,, c,.

—p 3y

), N

o Matrices are constructed conveniently using

A=}

)

A}

3t Te = ]
7Y 8 = (0 two base vectors.

= * diffuse

cemmmed e e e

N\

= true;

(SRS S
—————— e

xfl + refr)) &3 (d

), N
efl * E * diffuse
= true;

VAXDEPTH)

\

R

<l

survive = SurvivalProbabi
estimation - d 2

s=====dleme———dleeeeeedle el ]

<l

\ 4
\ AN

if;
-adiance = Samplelight( &rand
2.X + radiance.y + radiance

v = true;

3t brdfPdf = EvaluateDiffuse! L

3t3 factor = diffuse * INVPI:

3t weight = Mis2( directPdf, brdfp

3t cosThetaOut = dot( N, L );

E * ((weight * cosThetaOut) / direct

sndom walk - done properly,
sive)

:

3t3 brdf =« SampleDiffuse( diffuse, N, 1
srvive;

pdf;

v = E * brdf * (dot( N, R ) / pdf);

3an = true-*

<l
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Transforms

), N

it a
3t Tr
'r) R = (I

* diffuse
= true;

»f]l + refr)) &3 (4

), N )
efl * E * diffuse
= true;

WAXDEPTH)

survive = SurvivalProbabl
estimatior

if;

-adiance = Samplelight( &r
2.x + radiance.y + radiance

v = true;

it brdfPdf = EvaluateDiffuse

3t3 factor = diffuse * INVPI

st weight = Mis2( directPdf, brdf
3t cosThetaOut = dot( N, L );

E * ((weight * cosThetalut)

sndos walk - done prope
rive)

3t3 brdf = SampleDiffuse( diffuse, N

srvive;
pdf;

v =E * brdf * (dot( N, R ) / pdf);

3an = true-*

Spaces - transforming normals

Unfortunately, normals are not always transformed correctly.

To transform a normal vector n correctly under a given linear
transformation A, we have to apply the matrix

S

b —

(A"

M e EEE R

B
s

Why?

Note: if the transform is orthonormal,
A1 =AT; therefore (A1) =A.

S1° 137
2N

o -~
[+ <
S V=
v .
A/ Y
2 Y
. ]‘ e .y'\.,
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Transforms

it a
st Tr
'r) R

= * diffus
= true

»fl + refr

), N );
efl * £ * diffu
= true;

VAXDEPTH)

survive = SurvivalProl
estimati

if;

"adiance = Samplelight
*.x + radiance.y + radiar

v = true;

st brdfPdf = EvaluateDiffuse
3t3 factor = diffuse * INVPI
st weight = Mis2( directpPdf,
3t cosThetaOut = dot( N, L );
E * ((weight * cosThetalut

sndom walk done prog
sive)

yt3 brdf = SampleDiffuse( diffuse, N

srvive;
pdf;

' =E * brdf * (dot( N, R ) / pdf);

3on = true:*

Spaces - transforming normals
We know that tangent vectors are transformed correctly: At = £,. But: Ani # 7.
Goal: find a matrix M that transforms n correctly, i.e. M7 = 71,,, where 71, is the correct normal of

the transformed surface.

Because the original normal vector 7 is perpendicular to the original tangent vector t, we know
that 777t = 0. This is the same as 717 £ = 0. Since I = A4, this is the same as 77 (A14) £ = 0.

Because At = t, is the correctly transformed tangent vector, we have n7A™ t 1 =0.

Because their scalar product is 0, n7A™ must be orthogonal to t 4- 50, the vector we are looking for
must be: 71}, = 1TA™ (which suggests M = A™).

Because of how matrix multiplication is defined, 7i., and 71" are transposed vectors. We can rewrite
this to 71,, = (n"A1)". And finally, remember that (AB)T = BT AT, which gets us n1,, = (A™)Tn.

P IREY,

‘éo 0?
< 2
5 <
> b =¢
W > 4

A/ Y
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Transforms

it a
3t Tr
'r) R

* diffuse
= true;

»fl + refr))

), N )
efl * E * diffuse
= true;

WAXDEPTH)

survive = SurvivalProl
estimatio

if;

"adiance = Samplelight

*.X + radiance.y + radiance

v = true;

it brdfPdf = EvaluateDiffuse

yt3 factor = diffuse * INVPI

st weight = Mis2( directPdf, bed
3t cosThetaOut = dot( N, L );

E * ((weight * cosThetalut

sndos walk
rive)

yt3 brdf « SampleDiffuse( diffuse, N

srvive;
pdf;

H
v =E * brdf * (dot( N, R ) / pdf);

3an = true-*

Spaces - needful things
Three things left undiscussed:
1. Reverting a transform

2. Combining transforms
3. Translation

Reverting a transform:

Invert the matrix.

Note: doesn’t always work; e.g. the
matrix for orthographic projection
has no inverse.

Combining transforms:

Use matrix multiplication.

Note: matrix multiplication is not
commutative, mind the order!
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Transforms

Spaces - translation
Translation is not a linear transform.

With linear transforms, we get:

3t a

o) & (a11 a12) (x) by (anx + a123’)
e Ay Ayy/ \Y a,;X + a,,y

»f]l + refr)) &

) But we need something like:
efl * E * diffuse

0P TH) (x) (x + xt>
survive = SurvivalProbs y y _I_ yt

estimatior

if;

-adiance = SampleLight

*.X + radiance.y + radiance

We can do this with a combination of linear transformations and
it brdfPdf = EvaluateDiffuse . . .
t3 factor = diffuse * 1NVPI translations called affine transformations.

st weight = Mis2( directPdf, bed

3t cosThetaOut = dot( N, L );

E * ((weight * cosThetalut _—
o° |50

sndom walk .'é ?\‘*,

rive) P *\

B A

-3 <
: A - r ‘ Y
yt3 brdf « SampleDiffuse( diffuse, N )

s ~
srvive; = v
pdf; 4 N4
' =E * brdf * (dot( N, R ) / pdf); L1« \3

3an = true-*
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Transforms

Spaces - translation

Observe: in 2D, shearing “pushes things sideways” (e.g., in
the x direction), in a “fixed level” (the y value).

e We are thus performing a translation in a 1D subspace (a

) 8 - line), using matrix multiplication in 2D.

* diffuse
= true;

T In 3D, shearing leads to translation in a 2D subspace, i.e. a
I plane.

efl * E * diffuse
= true;

WAXDEPTH)

jurvive = SurvivalProbs
estimatior

if;

"adiance = SamplelLight

s

““
“‘
o
8.x + radiance.y + radiance.z) >0 ¢ S J 0 S e
o
o
.

Py
o
.
.
.
. o
. R
Ry
.
o
.
X

v = true; ‘,:
st brdfPdf = EvaluateDiffuse (x, y, l) : . ,u" T e
yt3 factor = diffuse * INVPI : Lot Lt
st weight = Mis2( directPdf, brdf
3t cosThetaOut = dot( N, L );
E * ((weight * cosThetalut)

.
.
“““
.
. o
© o .
. .
““““
“““
;;;;;;
ngt

*
.
o*
.
R
.

. ¥
:::
sndom walk done prog
rive)

; (x,,0)
yt3 brdf « SampleDiffuse( diffuse, N
srvive;

pdf;
' =E * brdf * (dot( N, R ) / pdf);
3an = true-*
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Transforms

3t a
5t Tr
'r) R

* diffuse
= true;

»f]l + refr)) &

), N )
efl * E * diffuse
= true;

WAXDEPTH)

survive = SurvivalProbs
estimation

if;

-adiance = SampleLight

s.X + radiance.y + radiance

v = true;

3t brdfPdf » EvaluateDiffuse

3t3 factor = diffuse * INVPI

st weight = Mis2( directPdf, brdf
3t cosThetaOut = dot( N, L );

E * ((weight * cosThetalut)

sndom walk - done prog
rive)

3t3 brdf = SampleDiffuse( diffuse, N

srvive;
pdf;

H
v =E * brdf * (dot( N, R ) / pdf);

3an = true-*

Spaces - translation

By adding a 3" dimension to 2D space, we can use matrix
multiplication to do translation.

X X + Xt
M{y|=|y+uy
Z Z

But: what does matrix M look like? What about x, and y,?
And how do we deal with the third coordinate z?

. «g “;“} =
372N

'q’t.;‘rk.‘q

peif]

o3

~LsIpY
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Transforms

Spaces - translation

Shearing in 3D based on the z coordinate is a simple generalization of 2D
shearing:

e 1 O X\ /X 1x + zxt + 0z X+ x:z
) 8 - ( 0 1 y J|lY)= ly+zyt+0z | = Y+ y:z
0 0 1/\z 0x + 0y + 2z z

»f]l + refr)) &
Lty The final step is to set z to 1.
JAXDEPTH) 1 O xt X X + Xt

:E;\:i::t;:?urvivalpr oba 0 1 yt y — y + yt
'l:ﬂnncc = SampleLight O O 1 1 1

>.x + radiance.y + radiance

v = true;

it brdfPdf = EvaluateDiffuse

3t3 factor = diffuse * INVPI

st weight = Mis2( directPdf, brdf
3t cosThetaOut = dot( N, L );

E * ((weight * cosThetalut)
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yt3 brdf « SampleDiffuse( diffuse, N " <

srvive; 7 ~/

pdf; 4 bi \,V

v = E * brdf * (dot( N, R ) / pdf); L 3

3an = true-*
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Transforms

Spaces - translation
Translations in 2D can be represented as shearing in 3D by looking at the

plane z = 1.
By representing our 2D points (x, y) by 3D vectors (x,y, 1), we can
translate them about (x;, y;) by applying the following matrix:

 * diffuse
fl + refr)) 1 O xt x x + xt
0 1 y J{(¥Y]=|Y+¥
= true; O O 1 1 1
VAXDEPTH)
e et That works for points. What about vectors? We use the following transform:
f:;ian:c = SampleLight
*.X + radiance.y + radiance
v = true; 1 O xt x x
it brdfPdf « Evaluatc?iilfri;-j -
= s e, 01 v, (J’> 3 <Y>
' 0 0 1/ 0 0

3t cosThetaOut = dot( N, L
E * ((weight * cosThetalut

NCOR w
rive)
yt3 brdf « SampleDiffuse( diffuse, N
srvive;
pdf;
f * (dot( N, R ) / pdf);

H
' =E * brd

ion = true
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Transforms

it a
3t Tr
'r) R

* diffuse
= true;

»f]l + refr)) &

), N )
efl * E * diffuse
= true;

WAXDEPTH)

jurvive = SurvivalProbs
estimatior

if;

"adiance = SamplelLight

*.X + radiance.y + radiance

v = true;

3t brdfPdf » EvaluateDiffuse

3t3 factor = diffuse * INVPI

st weight = Mis2( directPdf, bed
3t cosThetaOut = dot( N, L );

E * ((weight * cosThetalut

sndom walk
rive)

yt3 brdf « SampleDiffuse( diffuse, N

srvive;
pdf;

H
' =E * brdf * (dot( N, R ) / pdf);

3an = true-*

Spaces - translation

Affine transformations (i.e., linear transformations and translations) can be
done with matrix multiplication if we add homogeneous coordinates, i.e.

X

= A third coordinate z = 1 to each point:p = | ¥
1

X

= A third coordinate z = 0 to each vector: v = | y
0

= A third row (0 0 1) to each matrix.
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Transforms

Spaces - translation

These concepts apply naturally to 3D, in which case we again add a
homogeneous coordinate, i.e.

— = A fourth coordinate w = 1 to each point;
a2l = A fourth coordinate w = 0 to each vector;
afl + refr)) &

AL = A fourth row (0 0 0 1) to each matrix.

efl * E * diffuse
= true;

WAXDEPTH)

survive = SurvivalProbs
estimation

if;

-adiance = SampleLight

s.X + radiance.y + radiance

v = true;

3t brdfPdf » EvaluateDiffuse

3t3 factor = diffuse * INVPI

st weight = Mis2( directPdf, brdf
3t cosThetaOut = dot( N, L );

E * ((weight * cosThetalut)
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sndom walk - done prog
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3t3 brdf = SampleDiffuse( diffuse, N " =

srvive; 7 N

pdf; A% N

" = E * brdf * (dot( N, R ) / pdf); L 3

3an = true-*
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“ END of “3D Engine Fundamentals”

vl next lecture: “Transformations”
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