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7.2 Transformation Method: Exponential and
Normal Deviates

In the previous section, we learned how to generate rundom deviates with
a uniform probability distribution, so that the probability of generating a number
between = und z + dz, denoted p(x)dz, is given by

dr O<z<l (7.2.1)

plz)dz = 0 otherwise

The probability distribution p{x) is of course normalized, so that

=]
] pla)dzisl (722)
-

Now suppose that we generate a uniform deviate x and then take some prescribed
function of it, y(z). The probability distribution of y, denoted p{y)dy, is determined
by the fundamental transformation luw of probabilities, which is simply

plyldy| = |p(z)dz| (7.2.3)
or s
= = )
ply) = p(z) dy| (7.2.4)
Exponential Deviates
As an example, suppose that y(z) = — In(z), and that p{z) is as given by

equation (7.2.1} for a uniform deviate. Then

ply)dy = dy = e Vdy (7.2.5)

dz
dy

which is distributed exponentially. This exponential distribution occurs frequently

in real problems, usually as the distribution of waiting times between independent

Poisson-random events, for example the radioactive decay of nuclei. You can also

easily see (from 7.2.4) that the quantity /A has the probability distribution Ae —*,
So we have

#include <math.h>

float expdav(long +idum)
Returns an exponentially distributed, positive, random deviate of unit mean, using
ranl(idum) as the source of wniform deviates.
{
float rani{long *idum);
float dum;

do

dum=rani (idum);
wvhila (dum == 0.0);
roturn -log(dum);
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Figuse 72.1.  Trunsformation method for generating a random devime y from a known probability

distribution p(y). The indefinite tntegral of p{y) must be known and invertible. A uniform deviate x is
chosen between 0 and 1 ts corresponding y an the definite-integril curve is the desired deviate

Let’s see what is involved in using the above transformation method (0 generate
some arbitrary desired distribution of 3’s, say one with p(y} = f(y) for some positive
function f whose integral is 1. (See Figure 7.2.1.) According 1o (7.2.4), we need
lo solve the differential equation

dz

et 2
1w (726)
But the solution of this is just x = F(y), where F(y) is the indefinite integral of
Jiy). The desired transformation which takes a uniform deviate into one distributed
as fly) is therefore

y(@) = F'(x) (72.7)

where F ! is the inverse function to F. Whether (7.2.7) is feasible to implement
depends on whether the inverse function of the integral of fy) is itsell feasible to
compuie, either analytically or numerically. Sometimes it is, and sometimes it isn't.

Incidentally, (7.2.7) has an immediate gcometric interpretation; Since Fi(y) is
the area under the probability curve to the left of y, (7.2.7) is just the prescription:
choose a uniform random z, then find the value y that has that fraction z of
probability area to its left, and return the value y.

Normal (Gaussian) Deviates

Transformation methods generalize to more than one dimension. If x ¢, za,

. are random deviates with a joint probability distribution p(z,,2a,...)

drdrs..., and if y1,ys,... are each functions of all the z's (same number of
y's as x's), then the joint probability distribution of the #'s is

s, za,..)

Pyt gz Jdydye . = p(3n, 2. ) |50

where [0( )/O( )| is the Jacobian determinant of the 2°s with respect to the y's
(or reciprocal of the Jacabiun determinant of the y's with respect to the £'s).
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