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99 percent intervals, using both the paired-r and Welch approaches, with asterisks
indicating those intervals missing zero, i.e., those pairs of systems that appear o have
different expected operating costs. Once again, note that the two approaches do not
always agree in terms of which differences are significant, and neither approach gives
intervals with uniformly smaller half-lengths. Furthermore, it is possible to arrive at
gpparent contradictions in the conclusions. For instance, using the Welch approach we
would conclude that peither g, nor p, differs significantly from py. 50 that we might
(crudely) want 1o Sy something like “p, = M3 = 2" and thus think logically that
g = But the confidence interval for gy — g Misses zero, indicating that we
cannot regard b, as being cqual to i, The problem here is that we dare not interpret
the confidence-interval satements as constituting “proof™ of equality or inequality; in
the above discussion we just could not resolve a difference between either p, or o
in comparison with ity but we could detect a difference between jt, and po. Such appar-
ent contradictions become less likely as the intervals become smaller, which could
occur by making more replications of the systems or perhaps by using CRN, discussed
in Sec. 11.2.

As at the end of Sec. 10.3.1, we note the importance of ensuring the validity of the

individual confidence intervals, the possibility of using CRN across the differént
‘models, and of taking the above approach for steady-state comparisons by using an
appropriate steady-state methodology for the individual intervals.

10.3.3 Multiple Comparisons with the Best

Finally, we mention another kind of comparison goal that forms simultaneous con-
fidence intervals for the differences between the means of each of the k alternatives
and that of the best of the other alternatives, even though we do not know which of
the others really is the best. This is known as multiple comparisons with the best
(MCB), and it has as its objective to form & simultaneous confidence intervals on

; — min g, for i=1,2,...,k assuming that smailer means are better (if larger is
1#i
better, then *“min” is replaced by “max’).

Hsu (1984) gives 4 technique for addressing the MCB goal, and Hochberg
and Tamane (1987) and Hsu (1996) are comprehensive books on multiple-
comparison procedures. Nelson (1993) gives a treatment of MCB that allows the
use of CRN (see Sec. 11.2) for improved efficiency. Damerdji and Nakayama
(1999), Nakayama (1997, 2000), and Yuan and Nelson (1993) address the steady-
state MCB problem.

While MCB is useful in its own right, itis also intimately related to the ranking-
and-selection procedures discussed in Sec. 10.4.1 [see Nelson and Matejcik (1995)].

10.4
RANKING AND SELECTION

In this section we consider goals that are different—and more ambitious—than
simply making & comparison between several alternative systems. In Sec. 10.4.1
we describe procedures whose goal is to select one of the k systems as being the
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Choose system §) with probability P

B, w, o+ d* iy
()

Choose system i) or iz with probability P*

] 1 ] 1
I

1
pi, R, m Tt Hi
)]

FIGURE 10.4
Selected system(s): (a) gy, > iy, + o, (D), < By + d*and py, =y T d*,

is very unrealistic when simulating real systems.] The procedure’s performance
should be robust to departures from the normality assumption, especially if the X'
are averages. (We have verified this robustness when X;; is the average of a fixed
number of delays in queue for an MIMI\ queueing system.) ¥

In the first-stage sampling, we make iy = 2 replications of each of the k systems
and define the first-stage sample means and variances

7 2 pplmibil
X:'(ny) o
and
ny i ,
> Xy — X )l
L] =]
87 =2
(o) ny — 1
| fori=1,2,....,k Then we compule the total sample size N; needed for system i
as
138} (ng)

(10.3)

N, = maxqm + L, )
where [x] is the smallest integer that is greater than or equal 10 the real number x,
and h, (which depends on k, P*, and ) is a constant that can be obtained from
Table 10.11 in App. 10B. Next, we make N; — n, more replications of system
1 = Te250 F) and obtain the second-stage sample means

>, X;

=gt

Ny — g

_ XN, — ny) =
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the procedure calls for a higher value of the final , if the variance estimate S3(20) is
“high; this is simply reflecting the fact that we need more data on the more variable
systems. Note that if ¢* = 2, then 28, 21,21, 21, and 21 total replications are required for

policies 1 through 5, respectively.

There is another popular procedure for selecting the best of k systems that is
ue to Rinott (1978) (denoted F). It uses the usual sample means (based on all first-
tage and second-stage replications) from the k systems to make its selection,
ereas the Dudewicz and Dalal (99) procedure uses the weighted sample means
from the & systems. However, the @9 procedure generally requires fewer replica-
tions than the computationally simpler @ procedure, since /1, is smaller than the
comparable “/t value” for the R procedure.
~ *The 9D and R procedures discussed above for selecting the best sysiem
m.m..mcan that the k systems are simulated independently. However, in some cases
it might be advantageous (in terms of the sample sizes required to make the cor-
rect selection) o use CRN in simulating the k systems. In this regard, Nelson and
Matejcik (1995} introduced a two-stage procedure (denoted NAL) for sclecting
the best system that explicitly allows for the use of CRN. Let = denote the cova-
riance matrix (see Sec. 6.10.1) of the random variables Xy; Xa -+« » X The NAML
procedure assumes that S has a particular structure called sphericity, which is
¥

defined by

ma:+q.m g+, g+
T = 2 .m.c_.._ M.F.m.ﬂu .qeu.w._,_;
¥+ P+ M.F.._.qu

where the s and 77 are constants, and > — 3K, tf; is required to
make S positive definite. Sphericity implies that Var(X; — X;) = 272 fori # 1
(see Prob. 10.11). This means that the variances of all pairwise differences across
the systems are equal, even though the marginal variances and covariances may be

unequal.
As for the @3 procedure, let n, be the first-stage sample size, d* the indiffer-

ence amount, and P* = 1 — a the probability of correct selection. Also, let g =

=i =1105 DE the (I — a)-quantile of the maximum of a (k — 1)-dimensional

multivariate ¢ distribution with (k — 1)0my = 1) degrees of freedom and a common
correlation of 0.5. Values of g are given in table B.3 of Bechhofer et al. (1995) and
in table 4 of Hochberg and Tamhane (1987). Then the following is a statement of the

NAM procedure:

1. In the first-stage sampling, make ny = 2 independent replications of the jth sys-
tem using CRN across the k systems (fori=1,2,...,k:

*The remainder of this section may be skipped on a first reading.




fonj0d 193(3s O} suoneatdas |11 oI pasinbas Ny Sutsn aanpasosd 9y 18 NON
-isaq oY1 Juaq se g £orjod payaajas uede aouo om ‘A]2and0dsas “TCERl PUB (1971 E]
gzl ‘BY1T1 ‘F9°STI 21am (s;'x atp “21) suvow ajdwms aBeIS-1SIY 2AY AW AJUIS
\3jousiatun,] “suoneatjdal adeis-puodes Kue ayew o) Amssasauousem N = o = N
20t *(S661) “It 12 12J0UYY23g JO £"€ QR WOl UIYT] SBM OF°| = 1 jo anpea o1 219YMm

A1)

0z = oz bxews = {20
(12g)-(98'1) S8

Sylyxow = N

sy oz1s ojdues (mo) pannba oy pandwiod pue [L°¢ = NN pUOOY am s "y Junins

-a1 a1 wouy *Apuapuadaput s3u| Asaatjap ayi patesausd ing *saronjod 2y ssouow owues )
' $oz15 pUPLLAP PUD $3WT) PURWAPIAU] ) dpri am ‘A[{eoy1aads L f | sjdwexyg ur paquias
-op 5t NyD 1emued Suisn saranjod aay a2y jo Yaed 10) suoneardar wapuadaput adems
511 07 = " opei I | = o PUT 22I2d 06 = «d 001 2I0UM G0 aduexg w saonod
fLiojuzatn 9AY 241 JO 1529 oyl Fund9as Jo wopqosd 2y 1ap1suo) 01701 ATINVXH

'NYD JO 13323
patunsse Yy St Yarym ‘aanedouucu e 1 sasueiEA0D AU UM A11duBYdS WO
saanpiedap 01 15NQo2 1 aInpadoad J19Y) JeY) MOYS OS[R AU, “URDI 153q Y1 JO
w UIHA S1 URILU 3S0UM PIUINIAL ST WANSAS B U ‘P > Ut Ut g1 -Anoniayds jo
Kuadoid s saysnes T e papiaoid up = 'd _ it uaym g 3529] 18 ST 2inpadosd
N AU 10} UONAaJ3s 1021100 Jo Aiiqeqold ay) 18yl Moys JI2[AIRIN pur UOSIIN

-DATIEWIANE 153G Ay Su1aq s (N)'X 1S9][RIWS 34 Yilm WNSAS Y1 199135 *9

N ;
u\.....N.—"._uOm luﬁzv.x.

|=f L
i —
...vm 'M
N
se Euumhm i1 ayy 10} ueaw o_n_Eﬂm [[eJ2A0 2] BBQEOU ‘S

‘(¥ ¢t i7 1 = 1Joy) swasks y ) ssosou Ny Bursn wasks yu
a3y jo suoneoijdas yapuadaput %u — n oyew ‘Surdues aBe1s-puosas ay) uy *p

mﬁ*muv
mm.mm

o1 Ou L xewr = N

SE (SW2SAS Y [|B 10) WRSUOD) N 3zIs a[dwes paxnbal [e101 34 amdwo) ¢

.AN_.O_ ‘qoid uumv 319 .__.«K e ._,nk .:Xho ueaw
ajduwes 2yy sajouap .Jlm Mty ¢ oo - ety sy 10 upaw ajdutes Y SAOUIP MY AdYM

(1 =" -y

= nm‘
Ox+fx-"x-" 7%

1=f |=!}
<t
O Y
SE S20URIAJJIP 9SIMm

-ned 3y Jo souewea ojdwes ay ayndwod Kyausyds jo uondwnsse oy uo paseq 7

SNOILVHNANIANGD WALSAS FALLYNHILIY DNIIVIWOD $LC




CHAPTER TEN 575

being the best, whereas the S procedure required a total of 353 independent
replications in Example 10.9. Thus, the N.AL procedure reduced the computational

effort by approximately 72 percent.

1 Sec. 10.3.3 we briefly discussed multiple comparisons with the best (MCB),
ich has the objective of forming & simultaneous confidence intervals on p; —
in p, for i = 1,2,...,k Nelson and Matejcik (1995) showed that the output of

ost indifference-zone procedures (e.g., GG and NJL) can be used to construct
CB confidence intervals, and simultaneously guaraniee both the correct selection
d the coverage of the MCB differences with overall confidence level P*. This
proach allows one 1o pick the system with the smallest mean and to draw infer-
aces about the differences between the means of the systems, which may facilitate
decision making based on a secondary criterion. For example, if the mean of the
econd-best system does not differ much from the mean of the best system, then it
may be desirable to choose the second-best system because of political or economic

reasons.

~ To make these ideas more concrete, consider once again the N procedure.
Then the following seventh step can be appended to their procedure:

% Fori=1,2,...,k construct the MCB confidence interval for w, — :n:._ j; as
Fi
(X, — min X, — d*)7, (X, — min X, +d")7]

1#i i#i
where —x~ = min(0, ¥) and x* = max(0, x).

EXAMPLE 10.11. For the five inventory policies of Example 10.10, the calculations
for the MCB confidence intervals are given in Table 10.9. Overall we are at least 90 per-
cent confident that policy 2 is the best and that the five confidence intervals contain their
respective MCB differences. From the second confidence interval, we conclude that
policy 2 is no worse than the other policies (the upper endpoint is 0}, and it may be as
much as $5.16 less expensive than the others (the lower endpoint is —5.16). The other
confidence intervals tell us that policies 1, 3, 4, and 5 are no better than policy 2 (the
lower endpoints of their intervals are 0) and may be as much as $5.16, $5.68, $11.13,

and $24.04 more expensive, respectively.

The @% and NAM procedures are typically used when the number of alternative
systems, k, is 20 or fewer. These procedures are designed to produce the desired

TABLE 10.9
MCB confidence intervals for the five inventory policies

i Lower MCB endpoint X. - min X, Upper MCB endpaint _
] 0 416 5.16 .

2 =5.16 —4.16 0 *

3 0 4.68 5.68 '

4 0 10.13 1113

5 - 0 23.04 ©o24.04

r
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