-

3.1415926535897932 38462 643383279502 8841971693993 75105820974944592 30781 640628620894
BH2ZB03482534211 7067982 14808651 328230664 T093844609550582231 7253594081 2848111 7450284
1027019385211055596446229489549303819644288 1097 56659334461 28475648233 TEGTR31652712
0190914564856692346034861045432664821339360726024914127372458700660063155881 7488152
D9209628292540017153643678925903600113305305488204665213841469519415116083433057270
F657595919530921861173819326117931051 18548074462 379962749567351 885752724891 2279381
5301159491 2983367336244065664308602135453463952247371907021798609437027T053921717629
317675238467481846766940513200056812714526356082778577134275778960917363T1TR721468
440901 22495343014654958537105079227968925892354201995611212902196086403441 81598136
29774771309960518707211 3408888853 7297804995105973173281609631859502445945534690830
26425223082533446850352619311881 7101000313 7838752886587 53320838142061 7177669147303
98253490428 755468731 159562863882353TRTHO3T5195TTR185TTRO5321 71 22GR0661 300192 TRTGG
111959092164201989380952572010654858632TRB6593615338182796823030195203530185296899
2T773622599413891249721775283479131515574857242454150695920829533116861 727855889075
09838175463 746493931925506040092770167113900884882401 28583616035637076601047101819
429555961 9894676 7837449448 2553797 TAT2684 T1 004 7534646 208046684 259069491 2. ..
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Stochastic variables occur In simulation
at different places:

1. Input data are modeled as stochastic
variables
B E.g time until arrival of next customer

2. Generate random variables

B When you schedule a néwg Arrival event you
have to generate a rando mber for the time
delay

3. Analysis of results
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Random number generators

1. Generate numbers U(0O,1)
2. Use U(0,1) to generate other distributions
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Desirable properties?
-

*  DILBERT By Scort Apams
|

TOUR OF ACCOUNTING |§ ¢
_ § NINE NINE 2 THAT'S THE
OVER HERE ? NINE NINE PROBLEM
\n WE HAVE OUR 3 NINE NINE i WITH RAN-
RANDOM NUMBER |} : DOMNESS -
GENERATOR. YOU CAN
E : NEVER BE
E 5 SURE .
. E E
‘§ %
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Desirable properties

B Numbers seems uniformly divided on [0;1]
B Numbers independent

B Sequence can repeat itself, but after a long while
only

B Reproducible
B Separate streams
B Efficient (time and memory)

In simulation we use pseudo-random generators:
Z; = f(Zo, 24, ..., Z;1)
Results should be reproducible.
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Midsquare method

B Z, 4 digits (the number is 0.2,
B Z,’ 8 digits

B Z, middle 4 digits of Z,°

B Etc.....

B Examples:
W 1234, 015227 3215
B 1049, 1004, 0080, 0064, 0040, 0016, 0002, 000OQ....
B 2100, 4100, 8100, 6100, 2100

J Disadvantages:
B Can converge to zero
B Repeats quickly
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Linear congruential generators

Bz =(aZ_,+c) MOD m
BU=2Z/m

a = multiplier

Cc = increment

m = modulus

If c>0 : mixed generator

If c=0 : multiplicative generator

Ap
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Linear congruential generators

BZ =(Z,_1 + 5 mod13
W1,6,11,3,8,0,5,10,2,7,12,49,1,6 .....
B Period 13

BZ =(2Z,_; +5)mod 13
1 8,8,8, ...
w1i,7,6,4,0,5,29,10,12,3,11,1, ...
B Period 12 or 1
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Prime Modulus Multiplicative Linear Congruential
Generator

B c=0, m = p prime
M Z=(@Zy) MOD p
B Fermat’s little theorem:
B p prime, 1 <a<p then
aPl=1 (mod p)

B Let a be a primitive element in JFp
a' = 1(modp) < i = k(p — 1) with k integer
B Then period p-1

B Example p=7, a=3 primitive element, a=2 not
primitive
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Prime Modulus Multiplicative Linear Congruential
Generator: Mersenne pimes

B Frequently used example m= 231-1

(is one of the Mersenne primes, i.e. primes of the
form 29 — 1)
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Subtractive generator

Wz, =2y 55— 2y 24 mod 10°

I Seeds computed by:
M Selection of s, from 0,1,2,.., 10° -1
Bs,=5,,—5s,;mod10° for n=1,2,...,54 (s_; = 0)
B Reordering of these values

B Compute the next 165 values s to s,;4. Store
the last 55 values to start the sequences Z

BApplied in C#

[Faculty of Science
:-'_ Universiteit Utrecht Information and Computing Sciences]

12 10/1/2019 Algorithms for decision support,
Random Number Generators



13

Tausworthe generator
(linear feedback shift register)

" Generates bit sequences

2. =(a,z_,+a,z_,+...+a,z_, )mod?2
K
_ -
un o Z Z(n—1)k+j 2
j=1

[Faculty of Science

Universiteit Utrecht Information and Computing Sciences]

10/1/2019 Algorithms for decision support,
Random Number Generators



14

Tausworthe generator
(shift register)

B Example

Z.=(Z ;+Z, ,)mod?2
1101 0111 1000 1001101...

u, =% +%+ Y. =13
U, =Y+ %+ K=o
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Tausworthe generator
(shift register)

B Side note: shift register and pseudo-random
bit sequences are important for
cryptogra
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Mersenne Twister MT 19937

I Designed for simulation

B Twisted generalized feedback shift register
B Period is Mersenne prime 2P-1

B Generates uniform distribution on [0,2%-1]
B k=32 version has period 21°937 -1

B Fast

B Passes statistical tests

B Default in R, Matlab, Python, Ruby, PHP
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Newer developments

B WELL family of generators
B Developed in 2006
B Well Equidistributional Long-period Linear

B based on linear recurrences modulo 2 over a finite binary field
I:2

B Xorshift
B Based on linear feedback shift registers

B Includes taking the exclusive or of a number with a bit-shifted
version of itself

B New developments are going on.

[Faculty of Science
:-'_ Universiteit Utrecht Information and Computing Sciences]

17 10/1/2019 Algorithms for decision support,
Random Number Generators



Inverse transform (continuous)

1. Generate u from U[0,1]
2. Return x=F*(u)

Here F is the probability distribution that you
want to generate numbers from

P(X <x)=P(F"'(u) £ x) =P(u < F(x))=F(x)
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Inverse transform: exponential
distribution

(

l—e 7 x>0
0 X <0

F(X) =+

.

1. Generate u from U[0,1]
2. Return

x=F'(u)=-A1In(1-u)
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Inverse transform (discrete)

1. Generate u from U[O0,1]
2. Choose smallest i such that u < F(x)),

where X; < X, < ... are the possible realizations
of the distribution

3. Return x=x;
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1998:
1999:
2000:
2001:
2002:

10%
20%
40%
20%
10%

transform?

Universiteit Utrecht

10/1/2019
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Algorithms for decision support,
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Numbers of prints after which ink refill is required

How to generate from U[0,1] with discrete inverse
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Composition

F(X)=> p;F;(x)
j=1

1. Generate integer J such that P(J = J) = p;
2. Generate X with distribution F,

Exercise:

[Faculty of Science
£ Universiteit Utrecht Information and Computing Sciences]

23 10/1/2019 Algorithms for decision support,
Random Number Generators



Composition: exercise

[ ]
‘ Il For flight delays we know the following distribution:
| M 10% is too early, earlines follows a uniform distribution on
. [0,20] minutes
\a B 90% is too late, delay follows an exponential distribution with
\ average 20 minutes
Bl How to generate random delays without any software
library?
5 [Faculty of Science
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Convolution

1. Generate Y,,Y,,...,Y . each with distribution G
2.Return X =Y, +Y, +...+Y

Example: k-Erlang
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Wrap up

B After this lecture you know the basic algorithms of random
number generation

I You are able to answer questions of the type given on slide
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