Log-Linear Expansion: Example

The probability function of bivariate Bernoulli random vector (X7, X5) is determined by

P(x17 'TQ) = p(x17 x?)

where p(z1,z5) is the table of probabilities:

p(r1,72) [ 29 =0 x5 =1] Total
z1=0 | p(0,0) p(0,1) | p:(0)
=1 p(17 0) p(17 1) pl(l)
Total p2(0) pa(1) 1

We can write this as a single formula:
P(l‘l, 372) _ p(o’ O)(l—m)(l—xz)p(O, 1)(1—1‘1)9&229(1, 0):(:1(1—:(:2)29(17 1):01002
Taking logarithms and collecting terms in z, o, and xxy gives:

log P(z1,22) = (1 — x1)(1 — 22) logp(0,0) + (1 — z1)x2logp(0,1) + z1(1 — x2) log p(1,0) + z122 log p(1, 1)
= log p(0,0) — x21log p(0,0) — 1 logp(0,0) + z122log p(0,0) + z2log p(0,1) — 122 log p(0, 1)+
+ 21 logp(1,0) — z129logp(1,0) + 122 log p(1,1)

p(1,0) p(0,1)

p(0,0) p(0,0)

=up + urx1 + u2rs + U121 72,

= log p(0,0) + log

p(1,1)p(0,0
1 log ———4+—-"+=
T1 + log T2 + ng01 0

where

p(1,0)
=1
T8 00,0)
p(0,1)
=1
1208 00,0)
p(1,1)p(0,0)
=1
12 =08 10, 1)p(1, 0)



Elementary properties of logarithms:
1. loga® = bloga,
2. log ¥ = loga —logb, and

3. logab =loga + logb.



